Abstract. Limit theory for regressions involving local to unit roots (LURs) is now used extensively in time series econometric work, establishing power properties for unit root and cointegration tests, assisting the construction of uniform confidence intervals for autoregressive coefficients, and enabling the development of methods robust to departures from unit roots. The present paper shows how to generalize LUR asymptotics to cases where the localized departure from unity is a time varying function rather than a constant. Such a functional local unit root (FLUR) model has much greater generality and encompasses many cases of additional interest that appear in practical work, including structural break formulations that admit subperiods of unit root, local stationary and local explosive behavior within a given sample.
Introduction and Motivation
Local to unit root (LUR) limit theory has played a significant role in the development of econometric methods for nonstationary time series. The primary need for this development came from the desire to assess the effect of local departures on the functional limit theory for unit root processes and its many applications to regression and unit root testing (Chan and Wei (1987) , Phillips (1987) , Phillips (1988) ). The methodology assisted asymptotic power analysis and the construction of point optimal unit
Date: May 7, 2018. Phillips acknowledges support from the NSF under Grant No. SES 12-58258 and from the Korean Government under NRF-2014S1A2A2027803. 1 root tests (Elliott et al. (1996) and, for a recent overview, King and Sriananthakumar (2016) ). Most recently, the methods have been used to study the uniform properties of various methods of confidence interval construction for autoregressive coefficients (Mikusheva (2007) , Mikusheva (2012) , Phillips (2014) ). In all these implementations, local departures from unity have been measured in terms of constant localized coefficient departures from unity of the form θ n = e c/n ∼ 1 + c n in terms of the sample size n. This type of constant coefficient LUR specification is extremely convenient because of its parsimony and its standard Pitman form, given the O (n) rate of convergence of an autoregressive estimate of a unit autoregressive coefficient.
In spite of their mathematical convenience, there is nothing particularly relevant in such constant LUR formulations for modeling economic time series in which departures from unity may be expected to take a variety of different forms, including periods of increasing or decreasing persistence, transitions to and from unity, and break points that shift from a unit root to stationary or even explosive roots. Complex departures from unity of this type require greater flexibility in formulation than a constant coefficient.
They may be captured using a time varying coefficient function in which the autoregressive coefficient is time varying of the form θ tn = θ n t n = e c( t n )/n ∼ 1 + c t n /n.
We call such a formulation a functional local unit root (FLUR). Models with FLUR
coefficients have already been used in empirical work on modeling bubble contagion (Phillips and Yu (2011) , Greenaway-McGrevy and Phillips (2016) ) and in some related recent theoretical developments dealing with stochastic unit root models (Lieberman and Phillips (2014) , Lieberman and Phillips (2017) ) and random coefficient autoregressions (Banerjee et al. (2015) ).
The primary purpose of the present paper is to analyze such models and generalize LUR asymptotics to cases where the localized departure from unity is a general time varying function rather than a constant. FLUR models of this type provide a new mechanism for assessing the power properties of UR tests against more complex alternatives. A second contribution of the paper is to develop functional point optimal UR tests constructed to achieve point optimality against a specific functional alternative.
With FLUR alternatives, conventional constant point optimal tests can have extremely low power, particularly when departures from unity occur early in the sample period.
A third contribution of the paper is to reveal conditions under which such weaknesses typically arise. In the light of this analysis, it is apparent that point optimal tests based on a constant alternative are by no means a universally satisfactory solution to improving power in unit root testing. Indeed, the power envelope itself can be very different under a functional alternative to that which is obtained under the strict condition of a constant local alternative. Simulation results on the proximity of the power function of point optimal tests to a power envelope constructed for constant Pitmantype alternatives can therefore be a misleading indicator of discriminatory power of such tests against more general cases.
More specifically, the paper provides new limit theory for autoregressive models with time varying coefficients that are close to unity. This limit theory enables the development of functional point optimal tests of a unit root, which extend earlier work on constant point optimal tests analysis (Elliott et al. (1996) ). The limit theory provides analytic power comparisons between FLUR and standard point optimal tests, showing how the latter tests can have 'envelope power' that is often well below the true power envelope, especially when departures from unity occur early in the sample. The findings are confirmed in simulations that explore the power differences in particular cases, concentrating on empirically relevant situations where time varying coefficients induce structural breaks in the generating mechanism between unit root and local unit root behavior in the data.
We emphasize that the central focus of this paper is on power envelope asymptotics and how these change in a fundamental way under more complex functional alternatives. In this respect, the present work complements the existing literature on the practical construction of test procedures that address some specific models with time variation. Some of that literature is particularly concerned with the effects of time variation and structural breaks in persistence on unit root testing against stationary alternatives, such as Leybourne et al. (2003) , Busetti and Taylor (2004), Kurozumi (2005) , and Leybourne et al. (2007) , among others. As Leybourne et al. (2003) note in their simulation study, good choices of a constant point optimal alternative in the spirit of Elliott et al. (1996) can be very sensitive to the nature of the alternative (in their case, a structural break alternative). Our findings endorse that conclusion. In addition, our limit theory reveals how sensitive the actual power envelope itself is to functional alternatives, including both explosive direction as well as stationary direction local alternatives, the former having received virtually no attention in the point optimal testing literature.
One of the contributions of the present paper is to point to the arbitrary nature of the power envelope that is used for calibration purposes presently in the unit root literature. Put simply, point optimal unit root tests that are currently in use are not point optimal except in the special class where only constant alternatives are considered the relevant class. While the constant alternative framework is useful, it is limited and does not embrace the wide class of relevant alternatives that have been, and are still, being explored in this literature.
The analytic and simulation results of the present paper may also be viewed in the context of regime change and structural break detection, especially when the break point is located near one of the end-points of the sample observations. This interpretation connects to some simulation results already recorded in the literature on unit root testing and break point analysis. For instance, numerical findings in Busetti and Taylor (2004) on I(1)/I(0) testing show that many standard tests can perform poorly when the break occurs near the end of the sample because the time series has common behavior for most of the sample. In simple structural break testing also, it is now well-known that the usual large sample limit theory gives a poor approximation to finite sample test behavior close to the ends of the sample, leading to what can be serious distortions in inference, as indicated in the recent study of Liang, Wang and
Yu (2018)).
The analysis of breaks near the end of the sample in our setting confirms and even strengthens such conclusions with explicit asymptotic results. First, we demonstrate analytically that the maximal power of a test in conditions of an early break will itself be small, typically amounting to an increment of order O 1 n over test size for a sample of size n. Second, we show that if the investigator errs and uses the wrong alternative class -such as a point optimal test constructed for a constant local alternativethe power increment over size becomes of even smaller order and is no larger than
for arbitrarily small . Third, test power rises away from the end points of the sample, but similar analytic differences in the power order of correct and incorrect point optimal tests are found to hold in such cases, confirming the impact of failure to employ the appropriate class of local alternatives. In this sense, point optimal tests can be infinitely deficient in power when the class of alternatives is misspecified.
The paper is organized as follows. Section 2 describes the general setup, FLUR asymptotics, and the implications of these asymptotics for unit root testing, including analytic power comparisons. This Section also provides numerical simulations that compare the power of standard point-optimal tests based on constant local departures from the null with the actual power envelope under a functional local alternative.
Section 3 develops limit theory approximations that explain the power differences.
Special focus is given to cases where local power is low and divergence is largest, notably on departures from a unit root that occur briefly early in the sample. Section 4 concludes and proofs are given in the Appendix.
2. Model, Testing, and Asymptotics 2.1. Setup and first asymptotic results. We consider a time series generated by the following model
The coefficient θ tn in the autoregression varies with time and can be arbitrarily close to unity as the function c(·) moves towards zero. It is convenient and involves no loss of generality to ignore in the notation X t the array nature implied by θ tn . This framework allows for unit root testing against local unit roots that include functional alternatives (2). Such alternatives accommodate structural breaks and smooth transitions in the process, as well as the usual Pitman drift formulations where c(·) is a constant function.
Our goal is to examine the performance characteristics of tests of a unit root, where c ≡ 0, against functional local unit root alternatives such as (2).
Many results in the paper remain valid, including the asymptotic behavior of X t , if
However, specific details of the asymptotic results given in Theorems 1 -3 in Section 3 will change and the results given here are for the simpler case. Additionally, one may weaken the independence and normality conditions to suitable weak dependence and moment conditions with some further adjustments to the limit theory.
Define X n (r) = 1 √ nσ S nr , where S t = u 1 + · · · + u t . Our first result details the asymptotic behavior of the scaled process n − 1 2 X nr , which is given by
where the process K c (r) satisfies the stochastic differential equation dK c (r) = c(r)K c (r)dr + dW (r), as shown in Lemma 8 in the Appendix.
A primary focus of the paper is testing the null function c(·) = 0, under which X t is a standard unit root process. The alternative hypothesis involves function space possibilities as any non-zero function c(·) represents a local departure from the null.
Composite alternatives inevitably complicate hypothesis testing but are more subtle in the present case because the alternative is a function that may induce subperiods in which the null of a unit root actually holds. An obvious simplifying procedure when faced with such composite functionally-infinite space of alternatives is to assume some fixed function c(r) as a proxy for the alternative hypothesis. Doing so enables application of the Neyman-Pearson lemma to deliver the best (point-optimal under functional alternatives) test. We proceed to implement that approach in testing the hypothesis of a unit root. The analysis provides a basis of comparison with point optimal tests of a unit root that are based on a constant local alternative.
We need to compare likelihood functions under the null and alternative hypothesis. The sequence X t involves interdependent random variables. To construct the likelihood, we transform X t so that the likelihood is a simple product of independent densities. To do this, consider
where the functions d t are independent for different values of t. Moreover, under Gaussianity d t ∼ N (0, 1/n), so that we are left with normal densities
2/n . Thus, we can construct a likelihood ratio test of the form X t − e c(t/n)/n X t−1 . Equivalently, taking logarithms gives
where α = − log η.
The double differencing in (5) leads to the standardized expression
so that S has a well defined limit theory as n → ∞.
Asymptotic critical values may be obtained by simulations for finite n, by bootstrap methods in practical work to improve robustness, or from the limit theory of S under H 0 and H 1 . In all cases, these critical values rely on a specified form of the functional point optimal alternative c(·), just as in case of a constant alternative (Elliott et al. (1996) ).
Lemma 1. The test statistic S has the following limit behavior under H 0 and H 1
An implication of Lemma 1 is that it is impossible to consistently distinguish different localizing functions c(·) from one another or from the zero function. Just as for constant local departures from unity, the localizing coefficient function is not consistently estimable. In the limit the statistic S is a random variable with full support in all cases, as it is in Lemma 2 below for pseudo-alternatives. In consequence, discriminatory power among all functional local alternatives is limited and power is unity only at the limits of the domain of definition when c(·) itself diverges.
Since the test statistic S in Eq. (5) 
has the following limit behavior
Combining Lemmas 1 and 2, we can write the asymptotic size and power of the tests, constructed based on true and on misspecified alternatives, in terms of a probability involving certain limiting stochastic integrals. For simplicity in the following discussion, we focus on 5% asymptotic critical values but all results remain valid under an arbitrary critical value α. We determine the 5% asymptotic critical values A and A c through the equations
Then the maximal power (corresponding to the correctly specified alternative c =c, rather than the proxy alternative) is
and the power corresponding to a possibly misspecified proxy alternative c = c * is (7)
Formulae such as (6) and (7) are typically intractable analytically even in the simplest case where c * (·) = c * = const. As shown later, some useful asymptotic expansions of these power functions can be obtained in certain important cases. To analyze the behavior of these power functions directly we first provide some numerical simulations.
We focus on the case where c * is selected to be constant, whilec is some function representing plausible time changes or evolution in the AR coefficient over a sample period. In the first subsection we investigate the performance of a conventional constant alternative c * (x) = const test when the data generating process corresponds to nonconstant functionc(x). As will be seen, the power of such misspecified point optimal tests can be far below maximal power. Asymptotic theory to explain this phenomenon is given in Section 3.
The next subsection compares power performance that is based on misspecified triangular proxy functions of differing heights when the true function is piecewise constant. The true localizing functionc(x) is assumed to be zero for x ≤ 0.25 and x ≥ 0.75 and to take some negative value −λ when 0.25 < x < 0.75. We find the optimal height of the proxy triangular alternative, i.e. the function that minimizes the area between misspecified power and maximal power as a function of λ.
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Finally, we compare the power of the standard Dickey-Fuller (DF) t test with the maximal power and with the power achieved by using constant proxy alternatives in the construction of pseudo-point optimal tests. We find that the DF test also performs poorly compared to maximal power; and DF power is approximately the same as the power of a pseudo-point-optimal test constructed with c * = const when the constant is chosen optimally for this class of constant alternatives.
2.2.1. Point-optimal test based on the constant proxy alternative. We consider divergence from a unit root over subsamples of data corresponding to simple structural breaks. Specifically, we assume that the true functionc(·) is piecewise constant and equals to zero on the intervals [0, r 1 ) and (r 2 , 1] (this corresponds to two unit root subperiods in the model) and to some numberC on the interval [r 1 , r 2 ]. We allow r 1 = 0 or r 2 = 1, so that instead of three segments there may only be two. Numerical simulations are given for six specific examples which differ from each other either by the sign of the constant or by the left/right/middle location of the non-zero segment, which is determined by the value of a parameter λ. The functions are as follows:
•c λ (x) = −10 × 1 {x < λ};
•c λ (x) = 10 × 1 {x < λ};
•c λ (x) = 10 × 1 {x > 1 − λ};
•c λ (x) = −10 × 1 {|x − 0.5| < λ};
•c λ (x) = 10 × 1 {|x − 0.5| < λ}.
Assuming σ = 1, maximal power (when the alternative FLUR hypothesis is specified 
Comparison of different proxy functions.
In this section we consider a doublebreak point data generating function in which the localizing function has the form c λ (x) = −λ1 {0.25 < x < 0.75}. This function gives a period of unit root behavior followed by a (near) stationary period which switches back to unit root behavior in the final period. As a proxy function we take a triangular function of the form c * l (x) = −2l (x1{x <= 0.5} + (1 − x)1{x > 0.5}), in which the stationary wedge has height l, and the end points of the interval [0, 1] are the intitiating and terminating points of the wedge. As such, the proxy function does not use any information about the break points but is structured in a way that acknowledges the possible presence of stationary behavior within the sample. We seek to discover how different values of the height l of the wedge function affect the power of this proxy-function point-optimal test based on c * l (x), when the true localizing coefficient function is the double break point functionc λ (x). We are also interested in the 'optimal' choice of l, l * , that minimizes the distance (measured in some 
selection of the constant in conventional point-optimal testing (Elliott et al. (1996)) with the proviso that in the FLUR case the function itself may, as here, be chosen incorrectly. Figure 9 shows the power of the point-optimal test based on the proxy alternatives for different values of l as a function of λ against optimal power for the same value of λ. Evidently, when actual λ is itself large (representing a large functional departure from a unit root) then the pseudo-point optimal test with l = 20 (the pink curve) has power closest to maximal power (the green curve). However, the choice l = 12.5 minimizes the area between the power curve under the proxy alternative and the maximal power curve. This calculation is based on computations of the difference in the area over a grid of possible choices for l, which showed that when λ is bounded by 40, then the choice l * = 12.5 provides the closest fit to the power envelope over λ (as traced out by the green curve in Figure 9 ). This choice of l is shown by the blue curve. Apparently, when λ is not too large the blue curve is the closest to the power −5. The DF test is represented by the pink line, which evidently closely matches the blue line and thereby the power of the pseudo-point-optimal test. So, the DF test does not increase power. In contrast to the pseudo-point-optimal test, the DickeyFuller test does not specify an alternate value of the autoregressive coefficient θ < 1, which might appear prima facie to be an advantage when the actual alternative is more complex, as in the present case. But this flexibility does not appear to be useful when testing against an alternative that differs from a fixed alternative. Thus, the additional flexibility of the DF test does not raise power even in this misspecified case.
Failure of Point Optimal Testing under a Constant Alternative
The above numerical examples show that assuming a constant alternative c * produces very poor power when the true data-generating process corresponds to a functional LUR of the formc(x) =C1 {|x − | ≤ λ} for ∈ [0, 1] and λ is small. To provide some theoretical foundation for this finding we focus on the following explicit process:
In this example = 0 and the process differs from a simple unit root model only at the first observation t = 1. We show that in such case the maximal power is 0.05 +C n × const + o(n −1 ), where const > 0. In contrast, if we construct a test based on a misspecified constant alternative with c * (x) = C * , we get significantly smaller power: power in this case is bounded from above by 0.05 + const ε n Similar results hold if instead we assumec(x) =C × 1 {x = α}, so that divergence from a unit root process occurs in the middle of the sample, at the point t = αn .
Note that for α = 1 a difference occurs at the last observation. Then maximal power is 0.05 + const n −0.5 + o(n −0.5 ), whereas power of a test based on c * (x) = C * is at most 0.05 + const ε n −1+ε , where ε > 0 is arbitrary.
Moreover, the above results on single-point structural changes in the generating mechanism can be generalized to small infinity regions of originating or terminating data. In such cases the true data-generating process differs from a UR specification not only at a single point but over an interval of L points, where the parameter L is allowed to pass to infinity but at a slower rate than n. This extension is considered later.
The next series of lemmas and theorems show that, in a model based on the above structural break specification, maximal power under a functional point-optimal test is asymptotically higher than power of tests based on a misspecified constant local alternative with H 1 : c(x) = C * . These results make use of the following lemma, which is proved in the Appendix.
Lemma 3. Suppose A ∈ R, k ∈ R + , (Y, Z) are two random variables with finite moment generating function, and the density of Z is locally bounded at A. Then
where ε > 0 is arbitrary.
3.1. Unit Root Break at t = 1.
Lemma 4. Under H 0 : c(x) ≡ 0, the test statistic for the point-optimal test with maximal power takes the form
Under H 1 : c(x) ≡c(x), the test statistic for the point-optimal test with maximal power has the form
Theorem 1. In the setting of model (8), the maximal power for detecting a unit root
Lemma 5. Under H 0 : c(x) ≡ 0, the test statistic for the pseudo-point-optimal test based on the function c * (x) ≡ C * has the form
Under H 1 : c(x) ≡c(x), the test statistic for the pseudo-point-optimal test based on the constant function c * (x) ≡ C * has the form
Theorem 2. In the setting of model (8), the pseudo-point-optimal test based on the constant function c * (x) ≡ C * for detection of a unit root break at t = 1 has power
+ε for arbitrary ε > 0.
Remark. The above specification assumes C * to be a constant. An alternative specification is a decreasing sequence so that as n goes to infinity the proxy alternative becomes less distinguishable from a unit root model. In such a case, when the pseudopoint-optimal test is based on a decreasing sequence C * n instead of C * , the above results still hold. To see this, note that the maximal power does not depend on C * n , so we only need to consider an appropriately modified version of the result, as is done in Theorem 3 below.
Theorem 3. In the setting (8), the pseudo-point-optimal test based on the function c * (x) ≡ C * n , where C * n is a positive decreasing sequence of n, has the power P c ≤ 0.05 + const ε n − 3 2 +ε .
3.2. Unit root break at t = αn . This subsection focuses on the special case where the constant alternative is c * (x) ≡ C * and the true functionc(x) differs from zero only at a single fractional point α > 0 in the sample. That is,c(x) =C1 {x = α} so that
Lemma 6. Under H 0 : c(x) ≡ 0, the point-optimal test with maximal power has the form
Under H 1 : c(x) ≡c(x), the point-optimal test with maximal power has the form
Theorem 4. Maximal power for detection of a unit root break at t = αn is P m = 0.05 +
Lemma 7. Under H 0 : c(x) ≡ 0, the pseudo-point-optimal test based on the function c * (x) ≡ C * has the form
Under H 1 : c(x) ≡c(x), the pseudo-point-optimal test based on the function c * (x) ≡ C * has the form
Theorem 5. The pseudo-point-optimal test based on the function c * (x) ≡ C * for detection of a unit root break at t = αn has power P c ≤ 0.05 + const ε n −1+ε , for arbitrary ε > 0.
The differences in power magnitude between early and later shifts in the generating mechanism may be explained as follows. The generating mechanism changes according to the presence or absence of the term c n X t−1 . For an early shift with α = 0 and t = 1, we have c n
, whereas for a later shift with α > 0, we have c n
Hence, the differential in the generating mechanism has a greater order of magnitude for a later shift, thereby enhancing discriminatory power in both the point optimal and pseudo-point optimal tests when α > 0. The difference is greater also when X 0 = O p (1). So the order of magnitude of the initial condition impacts discriminatory power in the presence of an early shift in the generating mechanism. This explanation is relevant to earlier studies on unit root testing where the effects of initial conditions have been observed in simulation outcomes.
Numerical results of Busetti and Taylor (2004) are in line with our findings that breaks at the end-points may be tricky to detect in practical work. The authors investigate a regression model where the error variance is some constant plus a localto-unity term after a break. The question of practical interest is whether the local-tounity break can be detected. Numerical exploration of the detective power of various testing methods reveals that the closer the break is to the end-point, the harder it is to detect.
3.3. Extension to Small Infinity Regions of originating data. To extend Theorems 1 and 2, we consider a structural break FLUR model where the LUR coefficient 1 +C n holds for {t = 1, ..., L} and shifts to a UR coefficient for {t = L + 1, ..., n}, where
That is, we work with the model
so that X t = θ tn X t−1 + u t with θ tn = 1 +C n 1 {t ≤ L} for t = 0, ..., n, with originating data
In this FLUR model, the effects of departures from a UR are confined to a small infinity (L → ∞) of the originating data.
We proceed to examine the behavior of the functional point optimal test based on this specification and a pseudo-point optimal test based on the use of a constant LUR specification θ tn = 1 + C * n for all t = 0, ..., n. 
Conjecture 1. Suppose that L, n → ∞ with

Conclusion and Further Research
While there is substantial empirical evidence for the presence of unit autoregressive roots in many economic and financial time series, insistence on a strict unit root model specification is known to be restrictive. In relaxing this specification, more realistic formulations will often allow for shifts and transitions in the generating mechanism for which there may be empirical or institutional evidence. In such cases, functional specifications of local to unity behavior in the autoregressive coefficient allow greater flexibility than constant departures of the Pitman drift form. As this paper shows, functional specifications have three main effects: (i) the limit form of the standardized time series now embodies nonlinearities that reflect the functional departures from unity leading to a nonlinear diffusion limit process; (ii) the discriminatory power of standard unit root tests and point optimal tests is diminished, in many cases considerably; and (iii) the power envelope is defined by a space of functions and is no longer given by a simple single curve derived from point optimal tests against constant local to unity departures.
The present contribution has focused on studying these effects. Obvious extensions to models with drifts are possible in which there will be corresponding changes to the so-called GLS detrending procedures. These procedures actually rely on quasidifferencing the data rather than full GLS transforms. In a FLUR model with drift, it is necessary to take account of functional departures from unity, which in turn implies more complex quasi-differencing methods to achieve more efficient detrending.
These may be investigated along the lines of the present study. Further extensions of function space alternatives to mildly integrated and mildly explosive processes (Phillips and Magdalinos (2007) 
Proof. First, note that
Then, as e 1 n t j=1 c(
, using (10) we get
Using integration by parts 
Plugging the expression for (d c t ) 2 from Eq. (12) into Eq. (5), we get
Using (13) 
Proof of Lemma 2.
Proof. We decompose the test statistic into two summations:
From Lemma 1 we know that (14) 1 2∆r
So we are left with the second term
2 . We will apply the same technique as in Lemma 1 to approximate that term. In particular
Combining Eq. 14 and 15 we get that
Proof of Lemma 3.
Proof. Define the joint density of (Z, Y ) as f (Z, Y ) and the marginal densities as f Z (Z) and f Y (Y ). Then
where ε is arbitrary positive number.
Note that
where B is the upper bound of density of Z, f (z), around point z = A.
Let ε = log n n k , so that ε − −− → n→∞ 0. Then plugging Eq. 17 and 18 into Eq. (16), we get
Proof of Lemma 4.
Combining 19 and 20, we get
Under H 1 , X t = 1 +c
Combining 22 and 23 we get
Proof of Theorem 1.
Proof. We reject the null hypothesis at the 5% significance level when the test statistic is greater than the 5% critical value cv. Using the formula for S| H 0 from Lemma 4, the constant cv is determined by
Note also that
is approximately constant.
Plugging in S| H 1 from Lemma 4, we get the following expression for maximal power, P m :
To justify the last expression, we use the following truncation argument. We split the domain of u 0 into the two regions |u 0 | ≤ n δ and |u 0 | > n δ for some δ ∈ (0, 1) .
Then, we have
by integrability of u 0 e 
2σ 2 n 2δ , by Mills ratio, which gives
A similar argument shows that
giving the required result (25).
Proof of Lemma 5.
Combining 27 and 28 we get
Combining 30 and 31 we get
Proof of Theorem 2.
Proof. The proof is similar to that of Theorem 1. Using the formula for S| H 0 from Lemma 5, the 5% critical value cv is determined by
and cv is approximately constant with respect to n. Thus, plugging in S| H 1 from Lemma 5, P c becomes
so that we have
where the inequality follows from Lemma 3, ξ was defined in Eq. (33), and n −3/2 η =
Proof of Theorem 3.
Proof. We can use formulae for the test statistics from Theorem 2 replacing C * by C * n . Only asymptotic behavior may change. The critical value cv is such that
u τ > cv = 0.05.
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As before, we are interested in behavior as n goes to infinity. We can write:
and cv C * n is also approximately constant with respect to n.
and
Thus, we can rewrite power as
giving the required result.
Proof of Lemma 6.
Combining equations (34) and (35), we get
Under H 1 ,
u τ , t = αn ;
and (37) n t=0
Combining equations (36) and (37) gives
Proof of Theorem 4.
Proof. We reject the null hypothesis at the 5% significance level when the test statistic is greater than the 5% critical value cv. The constant acv is determined by
where we use Lemma 6 for S| H 0 .
, we get
2 Here α > 0 matters, as otherwise we can not use CLT for the partial sum
Plugging S| H 1 from Lemma 6, we obtain the following expression for maximal power
Then v ⊥ u and we are left with calculating
where ε → 0 as n → ∞. Here we used the fact that density φ(·) of N (0, 1) is bounded, so that the integral
Therefore, plugging X from Eq. (39) into Eq. (38), we get P m = 0.05+
Proof of Lemma 7.
Combining equations (40) and (41), we get
So we have:
Combining equations (42) and (43), we get
Proof of Theorem 5.
Proof. The 5% critical value cv is determined by
and cv is bounded in probability as n → ∞ because
Note from Lemma 7, that
We are going to show that 
. Therefore, the power of the test is
where ε > 0 is arbitrary, and the inequality follows from Lemma 3.
Analysis and Heuristic Proof of Conjecture 1.
Proof. The statistic for functional point-optimal testing of H 0 : θ tn = 1, for all t, takes the form 
We may take a probability space in which the weak convergence is replaced by a.s. convergence, so that 
as n → ∞.
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Under the specific functional alternative hypothesis H 1 : θ tn = 1 +C n 1 {t ≤ L} 
L n 
The approximation in the penultimate line holds because under H 1 we have θ tn 1 {t ≤ L} = 1 +C n 1 {t ≤ L} and then
Using ξ 0n =C The inequality in the penultimate line above is unproved, therefore leading to an argument that is 'heuristic'.
Although we do not provide an explicit proof of the last inequality, we provide simulations, which confirm it. Thus, we get the same result as when L was fixed and equal to one, i.e. the maximal power is bounded from below by 0.05 + const ε ( L n ) 1+ε .
Next consider the pseudo-point optimal test test based on the use of a constant LUR specification θ tn = 1 + C * n for all t = 0, ..., n. The true underlying data generating process has θ tn = 1 +c (t/n) n , so wheneverc(·) = C * the specification is incorrect. As before, we may assume that the probability space is suitably expanded so that (50) holds a.s., and the null H 0 is again rejected when S is large. Critical values cv for the statistic S , which satisfy P {S n > cv} = 0.05, are therefore asymptotically approximately delivered by 
Similarly, we simplify and rewrite S 2 :
Finally, combining equations (52) and (53), we get S = 
